Following a novel experimental arrangement which can rotate a two-dimensional optical lattice at frequencies up to several kilohertz we discuss the ground state of the two-dimensional Bose-Hubbard Hamiltonian, relevant for rotating gaseous Bose-Einstein condensates, by employing U(1) quantum rotor approach and the topologically constrained path integral. Ultracold atoms in such a rotating lattice can be used for the direct quantum simulation of strongly correlated systems under large effective magnetic fields. We derive an effective quantum action for the Bose-Hubbard model, which enables a non-perturbative treatment of the zero-temperature phase transition in the rotating frame. We calculate the ground-state phase diagram, analytically deriving maximum repulsive energy for several rational values of the frustration rotation parameter f = 0, 1/2, 1/3, 1/4, and 1/6 for the square and triangular lattice. Performed calculations revealed strong non-monotonical dependence of the critical ratio of the kinetic energy to the repulsive on-site energy, that separates the global coherent from the insulating state, on topology of the lattice.
Introduction
Systems of ultracold atoms confined in optical lattices [1] [2] [3] facilitate an experimental environment, where a rich variety of quantum many-body models can be implemented in a wide range of spatial dimensions, geometries, and particle interactions. Surprisingly, the quantum phase transitions in systems under uniform magnetic field can be also analyzed considering rotating BoseEinstein condensates [4] [5] [6] trapped in a two-dimensional (2D) lattice potential. In a frame of reference rotating about the z-axis with angular velocity Ω the kinetic term in Hamiltonian is equivalent to that of a particle of charge q experiencing a magnetic field B with qB = 2mΩ , where m is the mass of the particle [7, 8] . This connection shows that the Coriolis force in the rotating frame plays the same role as the Lorentz force on a charged particle in a uniform magnetic field [9, 10] . The presence of angular velocity induces vortices in the system described by the rotation frustration parameter f (≡ ma 2 Ω /π , with a being the lattice spacing).
The aim of this work is to study the superfluid to Mott--insulator zero-temperature phase transition by means of the Bose-Hubbard (BH) model in two-dimensional rotating optical condensates with different geometries. We address the question of evolution of the ground state phase * corresponding author; e-mail: tppolak@amu.edu.pl diagram for the system with various angular velocities for square and triangular lattices. To elucidate the quantum phase transition in optical lattices, where the kinetic energy scale is less than the dominating interaction energy and angular velocity is comparable to the recoil energy, we have adopted a theoretical approach for strongly interacting fermions [11] to the BH model in a way to include the effects of particle number fluctuations and make the qualitative phase diagrams more quantitative [12] .
The outline of the paper is as follows first, we introduce the model Hamiltonian and the effects of rotation are discussed. Next, we derive an effective U(1) action in the quantum rotor representation and present the resulting phase diagrams for two-dimensional square and triangular Bose-Hubbard systems in rotating frame. Finally, we summarize our results.
Model
In optical lattices the two main energy scales are set by the hopping amplitude proportional to t (that sets the kinetic energy scale for bosons) due to the particles tunneling, and the on-site interaction U > 0. The competition between the kinetic energy, which is gained by delocalizing bosons over lattice sites and the repulsive interaction energy, which disfavors having more than one particle at any given site, can be modeled by the following quantum Bose-Hubbard Hamiltonian [13] :
where a † r and a r stand for the bosonic creation and annihilation operators that obey the canonical commutation relations [a r , a † r ] = δ rr , n r = a † r a r is the boson number operator on the site r, and the chemical potential µ controls the number of bosons. Here, r, r identifies summation over the nearest-neighbor sites. Furthermore, t rr is the hopping matrix element with dispersion t , k . In the fast rotation regime the physics of the BoseEinstein condensates is very reminiscent of that of charged particle in magnetic field. An angular velocity enters the Hamiltonian Eq. (1) through the Peierls phase factor according to
where A(r) = Ω ×r is the equivalent of a magnetic vector appearing from the rotation and κ = h/m is the quantum circulation unit. Thus, the phase shift on each site is determined by the vector potential A(r) and in typical experimental situations can be entirely ascribed to the external magnetic field/angular velocity. From Eq. (2) it follows that the properties of the system will be periodic with a period corresponding to f = π Ω /2E R per plaquette. Of special interest are the values of the angular momentum which correspond to rational numbers of f = 1/2, 1/3, 1/4, . . .
Description of the method
We write the partition function of the system switching from the particle-number representation to the conjugate phase representation of the bosonic degrees of freedom using the bosonic path-integral over the complex fields a r (τ ) depending on the "imaginary time" 0 ≤ τ ≤ β ≡ 1/k B T with T being the temperature
We decouple the interaction term in Eq. (1) by a Gaussian integration over the auxiliary scalar potential fields in which periodic parts V r (τ ) ≡ V r (τ + β) couple to the local particle number through the Josephson-like relatioṅ
Next, we perform the local gauge transformation to the new bosonic variables
that removes the imaginary term −i β 0 dτφ r (τ )n r (τ ) from all the Fourier modes except at zero frequency. We
by the gauge group U(1). Assuming nonfluctuating amplitude at low temperatures b r (τ ) = b 0 , we drop the correction, which was proved to be justified in the large U/t limit we are interested in [12, 14] . It is very convenient to define the order parameter Ψ B ≡ a r (τ ) = b r (τ ) exp(i φ r (τ )) = b 0 ψ B , which signals the emergence of the superfluid phase (SF) and vanishes in the Mott--insulator (MI) state. The explicit value of the amplitude b 0 can be obtained from minimization of the Hamiltonian ∂H(b 0 )/∂b 0 = 0. The SF state is characterized by spontaneous breaking of the U(1) symmetry of the BoseHubbard Hamiltonian. Let us note that a nonzero value of the amplitude b 0 is not sufficient for superfluidity. To achieve this, also the phase variables φ must become stiff and coherent, which implies ψ B = 0. In the symmetry broken state, with a finite expectation value of a r (τ ), different phases φ 1 , . . . , φ n of the condensate lead to degenerate ground states. By integrating out the auxiliary static field V r0 we calculate the partition function with an effective action expressed in the form of the propagatorĜ:
whereμ/U = µ/U + 1/2 is the shifted reduced chemical potential. In the above exp(−Tr lnĜ −1 ) ≡ detĜ. Expanding the trace of the logarithm we have finally an effective action expressed only in the phase fields variable
where the phase stiffness coefficient is given by J rr = b 2 0 t rr . Following as usual [11, 12] the quantum rotor approach we evaluate order parameter ψ B in the thermodynamic limit N → ∞ by the saddle point method δF/δλ = 0 and the unimodular condition of the U(1) phase variables translates into the equation
The phase boundary is determined by the divergence of the order parameter susceptibility λ 0 − J max p/q + γ −1 (ω ν=0 ) = 0 which determines the critical value of the Lagrange parameter λ = λ 0 , that stays constant in the whole global coherent phase. To proceed, it is desirable to introduce the density of states for a 2D lattice in the rotating frame in the form ρ With the help of the above and after summation over the Bose-Matsubara frequency ω ν , the superfluid state order parameter becomes
In Eq. (9) and z is the lattice coordination number.
Phase diagrams
In Fig. 1 the zero-temperature phase diagram of the homogeneous Bose-Hubbard model Eq. (1) calculated from Eq. (9) is shown schematically as a function of t/U , with the density controlled by a chemical potential µ/U . At U/t → 0, the kinetic energy dominates and the ground state is a delocalized superfluid, described by nonzero value of the superfluid order parameter Ψ B = 0. At small values of t/U , interactions dominate and one obtains a series of MI lobes with fixed integer filling n B = 1, 2, . . . [12, 13] . The transition between the SF and MI phases is associated with the loss of long-range order. Let us introduce the notation for the maximum of the critical value for parameter t/U (as a function of the normalized chemical potential µ/U ) at the tip of the first (n B = 1) MI lobe for different lattices and frustration parameters f as follows:
. The ground state of the rotating Bose-Einstein condensates on a triangular lattice appears to be most stable against the effect of rotation. The stability comes from the higher values of the repulsive energy for the triangular lattice. However, if the rotation frustration parameter is f = 1/3 and 1/2, the ratio x f /x f of the energy needed to cause loss of the global coherent state changes character and is higher for triangular lattice unlike the cases with f = 0, 1/6 and 1/4 (see Fig. 1 ). Behavior of the maximum repulsive energy x , f in the rotating system with f = 0 taken for special value of the µ/U = 1/2 is non-monotonical in both square and triangular lattice (Fig. 2 and Fig. 3 ).
Conclusions
We calculated the phase diagram using the quantum rotor approach with exactly evaluated density of states for two-dimensional lattices with rational magnetic flux/ rotation frustration parameter f = p/q for a number of values f = 1/q. In systems that are in the global coherent state at f = 0, but with the ratio t/U close to the critical value (t/U ) crit , a rotation can be used to drive the condensates into the MI state. We compare the maximum of the critical value for t/U parameter (as a function of the normalized chemical potential µ/U ) at the tip of the first (n B = 1) MI lobe for square lattice with several numerical and analytical works and found them in a good agreement. Note that the dependence of the x , f /x , 0 on frustration parameter f is non-monotonical ( Fig. 2  and Fig. 3) . The critical values of the energy needed to drive a rotating condensate out of a global coherent state change by varying the frustration parameter and strongly depend on topology of the lattice.
